By means of a simple warped product construction we obtain examples of submanifolds with nonpositive extrinsic curvature and minimal index of relative nullity in any space form. We then use this to extend to arbitrary space forms four known splitting results for Euclidean submanifolds with nonpositive sectional curvature.
with nonpositive extrinsic sectional curvature, that is, the sectional curvature K M of M n verifies K M ≤ c. For such a submanifold, in [3] it was shown that the index of relative nullity ν = ν f of f , i.e., the dimension of the nullity space ∆ of the second fundamental form α of f , ∆ = Ker α = {X ∈ T M : α(X, · ) = 0}, satisfies that ν ≥ n − 2p everywhere. This result has several deep implications since the positiveness of ν imposes strong restrictions on the manifold M n and on its isometric immersion f . For example, along connected components of an open dense subset, the relative nullity ∆ is an integrable distribution with totally geodesic leaves in both M n and Q n+p c . So, the bigger ν is, the more geometrical restrictions we get. This estimate is in fact sharp since the product immersion f 1 × · · · × f p : M n → R n+p of p nowhere flat Euclidean hypersurfaces f i : M n i i → R n i +1 , 1 ≤ i ≤ p, with nonpositive sectional curvature satisfies the equality ν ≡ n − 2p, n = n i . It was a surprise to discover that this is the unique way to make the estimate sharp: any Euclidean submanifold in codimension p with nonpositive sectional curvature and minimal index of relative nullity must split (locally) as a product of p hypersurfaces; cf. [6] . Moreover, for ν = n − 2p + 1 it was shown in [7] that the two natural constructions also give all possible examples. Either f splits as the product of p−1 Euclidean submanifolds, p−2 of which are hypersurfaces and the remaining has codimension two, or f is a composition, f = h • f ′ , where f ′ : M n → R n+p−1 splits as the product of p − 1 hypersurfaces and h : U ⊂ R n+p−1 → R n+p is a flat hypersurface. Nothing more is known in this general setting, although for irreducible Euclidean submanifolds with flat normal bundle the sharpest estimate is known to be ν ≥ n − p − 1; see [4] . For closely related results for real Kähler Euclidean submanifolds, see [8] , [5] and [11] .
The phenomena for a nonpositively extrinsically curved submanifold f in a space form Q n+p c of curvature c = 0 were much less understood, since neither the curvature property nor the structure of the ambient space are preserved by taking products. It was known that such a submanifold does not exist if either ν = n−2p = 0 or ν = n−2p+1 = 0 at some point; cf. Corollary 2 in [6] or Theorem 2 in [7] . However, we show now a natural way to construct examples using an auxiliary space form Q p−1 c , that we call the warping factor, to 'warp' the factors.
For simplicity, we will assume from now on that c = ±1. Let us consider the usual model of Q r−1 c as an umbilical submanifold of E r , where E r stands for either the Euclidean space R r or the Lorentzian space L r with its canonical metric , according with c, i.e., dx 2 = c dx
Q singular for the closure of its image. In this sense, a complete submanifold may also split as a c-product.
The key geometric properties of the c-product
important to us are the following (see Remark 6):
• f c has nonpositive extrinsic curvature if and only if all the factors f i have;
• f c has flat normal bundle if and only if all the factors f i have;
• The leaves of the warping factorQ r−1 c are contained in the relative nullity leaves of f c , as well as the relative nullity leaves of each factor;
In particular, any c-product of p hypersurfaces with (nowhere vanishing) nonpositive extrinsic curvature is an example of a submanifold with nonpositive extrinsic curvature and minimal index of relative nullity ν ≡ n − 2p. This shows that our belief (ii) in the final comments on [6] , that was based in its Corollary 2, was false. The last assertion in Theorem 1 below will completely clarify this phenomenon.
The purpose of this note is to extend the aforementioned main results in [6] , [7] and [4] to arbitrary space forms by showing that, as for Euclidean submanifolds, the above c-product construction exhausts all the possibilities for the lowest indexes of relative nullity. Recalling our notation, from now on f :
will stand for an isometric immersion of a Riemannian manifold with sectional curvature K M ≤ c = ±1. We then know that ν ≥ n − 2p. The extension of Theorem 1 in [6] is the following:
split. In particular, ν ≥ p − 1 and hence n ≥ 3p − 1.
Recall that any hypersurface in a nonflat space form with nonpositive (nonvanishing) extrinsic sectional curvature as above must have relative nullity of codimension two and then can be easily parametrized using the Gauss parametrization: it just coincides with the usual immersion of the unit normal bundle of a surface, its Gauss map (cf. [2] ).
Let us make a few remarks on the geometry of the submanifolds of Theorem 1. Observe that they all have flat normal bundle. In fact, there is (locally) an orthonormal tangent frame {X 1 , . . . , X n }, an orthonormal normal frame {ξ 1 , . . . ξ p }, and positive smooth functions λ 1 , . . . , λ 2p , such that the second fundamental form decomposes as α(X i , X j ) = 0, α(X 2s−1 , X 2s−1 ) = λ 2s−1 ξ s , α(X 2s , X 2s ) = −λ 2s ξ s , and ∆ = span{X 2p+1 , . . . , X n }, where 1 ≤ i = j ≤ n, 1 ≤ s ≤ p. The normal vector fields λ 2s−1 ξ s and −λ 2s ξ s (together with ξ = 0) are called the principal normals of the immersion, whose corresponding principal distributions span{X 2s−1 } and span{X 2s } have all multiplicity one (cf. [10] ). This principal directions gives rise to a "warped product net", i.e.,
The results in this note are essentially local in nature since there are explicit constructions where the relative nullity actually "jumps" from one factor to another. Indeed, it is easy to construct, for example using the Gauss parametrization, a connected submanifold f :
), with constant relative nullity ν = r and with f splitting accordingly along each component. However, if we somehow can control this phenomenon, we get global consequences. For example, this is the case if the estimate in the last assertion of Theorem 1 is also sharp:
n is complete and simply connected, with n = 3p − 1. If ν ≡ n − 2p, then f splits globally as a c-product of p complete surfaces of negative extrinsic Gaussian curvature.
There are two natural ways to construct a submanifold f with nonpositive extrinsic curvature and ν = n − 2p + 1, and it turns out that these are the only ones. The extension of Theorem 1 in [7] then reads:
and either:
splits as a c-product of p − 1 submanifolds, all but one of which are hypersurfaces and the remaining having codimension two, or Theorem 4. Assume that f has flat normal bundle and that ν ≤ n − p − r everywhere, for some integer 2 ≤ r ≤ p. Then, there exists an open dense subset U ⊂ M n such that, along each connected component U ′ of U, f | U ′ splits as a c-product of r submanifolds. In particular, ν ≥ r − 1 and hence n ≥ p + 2r − 1.
The proofs
, be an isometric immersion whose second fundamental form is α = α f , and set ∆(x) = ∆ f (x) = Ker α(x) for its relative nullity. Consider the cone over f , F :
, given by F (t, x) = tf (x). Observe thatM is Riemannian for c = 1 and Lorentzian for c = −1. Denoting by ı : Q n+p c → E n+p+1 the inclusion, the normal space of
where < v > denotes the line spanned by v ∈ E n+p+1 . Thus, we have
and then the vector ∂ t (t, x) := F * (t,x) (1, 0) = f (x) belongs to the relative nullity of F . In addition, for any (t, x) ∈M,
We resume now the main geometric properties of the cone that we need:
Lemma 5. The following relations between f and its cone F hold:
iii) f has flat normal bundle if and only if F has flat normal bundle.
Proof: i). This is a direct consequence of (1). ii). Consider a plane σ ⊂ T x M ⊂ T (t,x)M and an orthonormal basis X, Y of σ. Then, by the Gauss equation,
, where the last equality is a consequence of F * (t,x) X, F * (t,x) Y = t 2 f * x X, f * x Y . The assertion follows since ∂ t belongs to the relative nullity of F and the relative nullity is always contained in the nullity of the curvature tensor due to the Gauss equation.
iii). Since both Q n+p c and E n+p+1 have constant sectional curvature, the Ricci equation for f and F gives for the normal curvature tensors R
Remark 6. The above proves all the properties of the c-product f stated in the introduction, since the cone of a c-product of r submanifolds is clearly a product of r cones. For example, f = f 1 × c × f r has nonpositive extrinsic sectional curvature if and only if its cone F has, which in turn is equivalent to each factor F i of F being nonpositively curved, or that each f i having nonpositive extrinsic sectional curvature.
The idea now is quite simple: to reduce the problems in space forms to Euclidean (or Lorentzian) space using the cone of f . Observe that, although the results in [6] , [7] and [4] are stated for the Euclidean space as their ambient space, the same proofs hold for any semiriemannian flat space form R m,n and, in particular, for L n+1 = R 1,n .
Proof of Theorem 4: By Lemma 5 ii) and iii), the cone F of f has nonpositive sectional curvature and flat normal bundle. Moreover, by part i), its relative nullity satisfies ν F = ν f + 1 ≤ (n + 1) − p − r, where now p is the codimension of F and n + 1 its dimension. Therefore, by Theorem 1 in [4] , we have that, locally, F splits as the product of r Euclidean submanifolds
split. In addition, all the V ′ i s are Euclidean, except, say, V 1 , that is Lorentzian for c = −1. In fact, no V i can be degenerate since, by construction, the decomposition of E n+p+1 is as a direct sum of the V ′ i s, and thus V i ∩ V ⊥ i = 0. Claim: Each factor F i is also a cone with its vertex at the origin.
To prove the claim, observe first that an Euclidean submanifold in E N +1 is a cone with its vertex at the origin if and only if it is invariant by the homotheties v → tv, t > 0, v ∈ E N . In fact, the submanifold will be a cone over the intersection of the submanifold with
, since F is a cone with its vertex at the origin. So, each F i is invariant under the homotheties, and hence a cone.
Since the result is local in nature, we can assume that f is an embedding. Now, consider the intersections, which are transversal since the factors are cones, M j (F j (M j ) ∩ S n j +p j ), 2 ≤ j ≤ r, and set f i = F i | M i . Therefore,M i = R + × id M i and F i is the cone over f i . Observe that f 1 2 = c, f j 2 = 1, 2 ≤ j ≤ r. We can write for T = (t 1 , . . . , t r ) ∈ E r , F (T, y 1 , . . . , y r ) = (t 1 f 1 (y 1 ), . . . , t r f r (y r )) and F (T, y 1 , . . . , y r ) 2 = ct Proof of Theorem 1: As above, the cone of f has KM ≤ 0 and minimal index of relative nullity. Thus it has flat normal bundle by Theorem 1 in [4] . Then, so do f and we can apply Theorem 4 for r = p.
Proof of Corollary 2:
Since the relative nullity is all absorbed by the warping factor, the decomposition of F is globally well defined. The only singular point of F is the origin, so each factor f i is complete.
